The concept of ranking fuzzy numbers has attracted significant attention recently due to its successful use in decision making problems. This concept allows decision makers to appropriately exercise their subjective judgement under situations that are vague, imprecise, ambiguous and uncertain in nature. The literature on ranking fuzzy numbers describes the validation of ranking methods as the most important aspect of the application of these methods. This is due to the fact that the validation confirms the suitability of the associated methods for ranking fuzzy numbers and decision making purposes. In this paper, a comprehensive review on validation techniques for methods of ranking fuzzy numbers is presented. These techniques are associated with properties of ranking fuzzy quantities as well as consistency and efficiency evaluation of ranking operations. The techniques are described in detail and discussed in the context of many established and more recent works in the field.
Introduction
Ranking fuzzy numbers is used in fuzzy sets as a concept that determines which fuzzy number is greater when two or more fuzzy numbers are compared. A definition by (Collan, 2009 ) refers ranking fuzzy numbers as a process of comparing and organising fuzzy numbers in a specific order. The definition indicates that each fuzzy number under consideration is assigned a value whereby this value is used as a comparison measure with other fuzzy numbers. Then, values obtained from each fuzzy number under consideration are compared accordingly. Even though the process for ranking fuzzy numbers mentioned looks simple, to naturally determine the correct ordering for each fuzzy number under consideration is not easy as fuzzy numbers are represented by possibility distribution (Zimmermann, 2000; Kumar et al., 2010) . Therefore, finding an appropriate ranking method is important as fuzzy numbers are often used in various decision making situations such as risk analysis by Chen et al., (2012) , supply chain management (Wu et al., 2013) , fuzzy portfolio (Bermudez et al., 2012) , selection of construction project (Ebrahimnejad et al., 2012) and decision making for water resources (Morais& Almeida, 2012).
In the literature on fuzzy sets, there are three main types of fuzzy numbers. These numbers are also introduced herenamely, type -1 fuzzy numbers (Zadeh, 1965) , type -2 fuzzy numbers (Zadeh, 1975) and Znumbers (Zadeh, 2011) . Type -1 fuzzy number is the first type of fuzzy number that can deal with imprecise numerical quantities and subjective preference of decision makers (Deng, 2013) . Type -2 fuzzy number is an extension of type -1 fuzzy number that takes into account modelling perceptions. This extension is made because uncertainty in terms of natural language, which is represented by type -1 fuzzy number, is insufficient to model perception (Dereli et al., 2011) . In addition, the imprecision level about a situation is increased during transition from numbers to words of natural language and finally to perceptions (John &Coupland, 2009 ). This strengthens the argument against the less capable with respect to model perception type -1 fuzzy number. Znumber is another extension of type -1 fuzzy number that can deal with decision making problems where reliability of information very important (Kang et al., 2012a, b) . According to (Zadeh, 2011) , Znumber is considered as a generalisation of numbers, intervals, fuzzy numbers and random numbers because it is ranked with the highest level of generalitylevel 3 compared to numbers (ground level 1), intervals (level 1), fuzzy numbers (level 2) and random numbers (level 2). In this respect, if the level of generality of a number is higher than the one for other numbers, then the capability of this number to construct a realistic model of a real world system is greater (Zadeh, 2011) . Therefore, Znumbers are justified as having a better representation capability compared to type -1 and type -2 fuzzy numbers.
There are a lot of methods in the literature on fuzzy sets for ranking type -1 fuzzy numbers such as ranking methods based on area (Wang et al., 2005) , (Kumar et al., 2010) , (Chen & Sanguatsan, 2011) , (Thorani et al., 2013), ranking methods using centroid approach (Cheng, 1998) , (Chu & Tsao, 2002) , (Wang & Yang, 2006) , ( (Wang et al., 2013) , (Bakar & Gegov, 2014) . However, there seem to be only a few ranking methods for type -2 fuzzy numbers (Mitchel, 2006) , (Wu & Mendel, 2009 ) and ranking Znumbers (Mohamad et al., 2014), (Bakar & Gegov, 2015) .
In order to determine the suitability of a method for ranking fuzzy numbers in decision making applications, each ranking method is evaluated using both theoretical and empirical validation that is established in the literature on ranking fuzzy numbers. The validation is based on reasonable theoretical properties for ranking fuzzy quantities of type -1 and type -2 fuzzy numbers (Wang & Kerre, 2001; 2002) , numerical cases of type -1 fuzzy numbers (Chen & Chen, 2009 ), numerical cases of type -2 fuzzy numbers (Wu & Mendel, 2009 ) and numerical cases of Znumbers (Bakar & Gegov, 2015) . In this context, the paper reviews all above mentioned aspects of validation and shows detailed comparison among established ranking methods based on the type of validation used.
The remainder of the paper is organised as follows: Section 2 discusses theoretical preliminaries for this study, Section 3 provides details on validation for ranking methods and Section 4 presents a conclusion.
Theoretical preliminaries
Trapezoidal fuzzy number is illustrated in this section as a special case of triangular fuzzy number (Chen & Chen, 2009 ). Nonlinear fuzzy numbers are not considered in this section as linear fuzzy numbers are often used in many decision making situations and discussions on utilisation of linear fuzzy numbers are frequently discussed in the literature as opposed to nonlinear ones. Furthermore, nonlinear fuzzy numbers are too complex to handle and they are often transformed into linear type for convenience (Chen & Linkens, 2004) .
A. Type -1 Fuzzy Numbers
In accordance with (Chen & Chen, 2009 ), the type -1 fuzzy numbers shown in Figure 1 can be represented by the following membership function 
B. Type -2 Fuzzy Numbers
According to (Wallsten & Budescu, 1995), a type -2 fuzzy number can be viewed as a group of type -1 fuzzy numbers. The type -2 fuzzy number shown in Figure 2 can be represented by the following membership functions 
C. Znumbers
According to (Zadeh, 2011) , a Znumber is an ordered pair of fuzzy number denoted as 
Validation Techniques for Ranking Methods
According to the literature on ranking fuzzy numbers, validation techniques for ranking methods can be classified in two groups -theoretical and empirical validation. In research works by (Chen & Chen, 2009 ), (Dat et al., 2012), (Brunelli & Mezei, 2013) and (Bakar & Gegov, 2015) , theoretical validation is broadly concerned with fulfilment of generic properties by ranking methods whereas the empirical validation concentrates on the consistency and efficiency of a ranking method. Therefore, without loss of generality, discussion on both theoretical and empirical validation for ranking methods is presented below.
A. Theoretical Validation
According to Brunelli & Mezei (2013) , this validation is an axiomatic basedresearch as it concerns with a broad scope of ranking fuzzy numbers where ranking methods are validated based on reasonable properties for ranking fuzzy 
quantities. Fuzzy quantities defined by Wang & Kerre (2001) are in principle more generic than fuzzy numbers, but they are not often used in the literature of fuzzy sets. Since, fuzzy numbers are subsets of fuzzy quantities, hence any properties that are related to the latter are also applicable to the former. In the literature of fuzzy sets, reasonable properties for ranking fuzzy quantities are presented by Wang & Kerre (2001; 2002) where these properties are purposely developed for type -1 and type -2 fuzzy numbers. Wu 
Let 1
A and 2 A be two fuzzy numbers such that 1 A and 2 A are any types of fuzzy numbers.
Property 1:
If 1 A ≽ 2 A and 2 A ≽ 1 A , then 2 1Ã A  Property 2: If 1 A ≽ 2 A and 2 A ≽ 3 A , then 1 A ≽ 3 A Property 3: If 0 2 1    A A and 1 A is on right side of 2 A , then 1 A ≽ 2 A
Property 4: Ordering of 1 A and 2
A is not affected by other fuzzy numbers under comparison.
If a ranking method fulfils all the aforementioned ranking properties suggested by Wang & Kerre (2001; 2002) , then the method is considered as an effective ranking method theoretically. Table 1 illustrates the applicability of the properties of ranking fuzzy quantities towards fuzzy numbers. Although, the aforementioned properties are not developed for Znumbers in the first place, as Znumbers are new in the literature of fuzzy sets (Zadeh, 2011) , they are all applicable whenever Znumbers are reduced into type -1 fuzzy numbers (Kang et al., 2012) . Table 2 illustrates comparison in terms of the properties fulfilment by established ranking methods. ' Y' denotes that the ranking method satisfies the property 'N' denotes that the ranking method dissatisfies the property '1' denotes that the ranking method is developed for ranking type -1 fuzzy numbers '2' denotes that the ranking method is developed for ranking type -2 fuzzy numbers 'Z' denotes that the ranking method is developed for ranking Znumber. 
B. Empirical Validation

Trivial Case
Trivial case involves cases of fuzzy numbers which are simple and easy to differentiate whereby ranking order of this category is determined by observing the nature of fuzzy numbers under consideration. This case is intentionally considered in this study to demonstrate the capability of ranking method in ranking simple fuzzy numbers cases before being applied to more complex fuzzy numbers cases. Figure 4 Property  Properties fulfilment  1  2  3  4  5 
Embedded case involves sets of fuzzy numbers which are fully overlapped with one to another. Not all ranking methods are capable to deal with embedded fuzzy numbers cases appropriately as many ranking methods neglect this case in their studies such as Lee & Li (1988) and Cross & Setnes (1998). 
Overlapping Case
Overlapping case category is among the important cases in ranking fuzzy numbers area of research. If embedded fuzzy numbers cases are fuzzy numbers which are fully overlapped with each other, this category considers fuzzy numbers that are partially overlapped from one to another. Figure 9 and 10 illustrate two generic fuzzy numbers examples of Overlapping Case. 
Nonoverlapping Case
Nonoverlapping case category involves cases of fuzzy numbers that are separated from each other. The cases include opposite cases from overlapping fuzzy numbers category. Figure 11 and 12 illustrate two generic fuzzy numbers examples of Non -Overlapping Case. There are two types of empirical validations are reviewed here namely consistency evaluation and efficiency evaluation where their descriptions are as follows.
Consistency Evaluation
Consistency is defined in ranking fuzzy numbers area of research as the capability of a ranking method to producing correct ranking order for any cases of fuzzy numbers such that ranking results obtained are consistent with ranking order obtained by human intuition. If a method ranks correctly fuzzy numbers such that the ranking results are consistent with human intuition, then the ranking result is considered as consistent. Otherwise ranking result obtained is classified as inconsistent. As mentioned earlier in the introduction, type -2 fuzzy numbers and Znumbers are extension of type -1 fuzzy numbers because both type -2 fuzzy numbers and Znumbers are usually reduced to type -1 fuzzy numbers for easy computational works (Greenfield & Chiclana, 2009; Kang et al., 2012) . Thus, the consistency evaluations for each fuzzy numbers are considered as empirically the same as they are all represented by possibility distribution (Kumar et al, 2010) . Therefore, description on the consistency evaluation for each fuzzy number considered is as follows.
Let consider Ã and B as two fuzzy numbers to be ranked. Table 3 presents an orderingbased comparison in terms of consistency of a ranking method when ranking fuzzy numbers. It classifies all possible ranking order of fuzzy numbers whereby all these results are compared with result obtain by human intuition. While for three fuzzy numbers, let consider Ã , B and C as three fuzzy numbers to be ranked where all possible ranking ordering of fuzzy numbers whereby all these results are compared with result obtain by human intuition are given in Table 4 . 
Ranking order Consistency
C B A  Consistent B C A  Inconsistent C A B  Inconsistent A C B  Inconsistent A B C  Inconsistent B A C  Inconsistent C B A  Inconsistent C B A  Inconsistent A C B  Inconsistent A C B  Inconsistent A B C  Inconsistent A B C  Inconsistent C B A 
Inconsistent
Based on Table 3 and 4, it is understandable that there is only one results that is consistent with ranking result obtained by human intuition and it is considered as a consistent ranking order. While, for other ranking orders, ranking results obtained are classified as inconsistent ranking orders. It is worth adding here that investigations on ranking fuzzy numbers are not only restricted for ranking two and three fuzzy numbers Table 3 and 4 of two and three fuzzy numbers respectively are extendable so that they are fitted for other quantity of fuzzy numbers. In Table 5 , comparisons of consistency evaluation among established ranking methods considered when ranking fuzzy numbers based on Figure 4 till Figure  12 are illustrated. '1' denotes that the ranking method is developed for ranking type -1 fuzzy numbers '2' denotes that the ranking method is developed for ranking type -2 fuzzy numbers 'Z' denotes that the ranking method is developed for ranking Znumber.
In Table 5 , it is noticeable that not all ranking methods are capable of ranking specific fuzzy numbers cases with correct ranking order such that the results are consistent with human intuition. This is due to the fact that every ranking methods considered have their own advantages and disadvantages.
Efficiency Evaluation
According to Allahviranloo et al. (2013) , Fries (2014) and Jahantigh & Hajighasemi (2014), efficiency of a ranking method is often determined in accordance to its computational complexity when ranking fuzzy numbers. In the literature of fuzzy sets, two kinds of ranking method are found namely direct ranking and pairwise ranking. Direct ranking refers to the capability of a method to ranking any quantity of fuzzy numbers simultaneously like Chen & Chen (2009) and Bakar & Gegov (2014; while pairwise ranking is the capability of a method to ranking only two fuzzy numbers at one time such as Bakar et al. (2010; and Dat et al. (2012) . Although, there are different capabilities in terms of ranking fuzzy numbers, both kinds of ranking fuzzy numbers methods follow the same basic algorithms when ranking fuzzy numbers. In accordance to aforementioned ranking methods, basic algorithms for ranking fuzzy numbers are signified as Algorithm 1 and are shown as follows.
Algorithm 1
1) Assign value towards each fuzzy numbers under consideration whereby this value is called as assignment.
2) Make comparison based on assignment obtained. This step is also known as sorting stage.
In this case, the number of assignments and comparisons computed depends on either method uses direct ranking or pairwise ranking. This is due to the fact that direct ranking can simultaneously ranks all fuzzy numbers under consideration while pairwise ranking needs more steps than the former before the fuzzy numbers under consideration are ranked. It is worth noticing here that the comparisons step mentioned above is a sortingbased step. In Table 6 , comparison between direct ranking and pairwise ranking in terms of number of assignments and comparison are illustrated. Comparisons  2  2  1  2  1  3  3  1  6  3  4  4  1  12  6  5  5  1  20  10  6  6  1  30  15  7  7  1  42  21  8  8  1  56  28 Although, Table 6 shows that direct ranking and pairwise ranking are different in terms of capability in ranking fuzzy numbers, both sometimes need additional operations to ranking fuzzy numbers appropriately. This is because in certain situation, a method is incapable to ranking fuzzy numbers properly only if one approach is used. For example, ranking method by Yu et al. (2013) ranks each fuzzy number under consideration using centroid approach. If the method produces similar ranking order for different fuzzy numbers, then the epsilon degree approach is next utilised to finalise the ranking result obtained. This points out that Yu et al. (2013) ranking method needs an additional operation which is epsilon degree approach, to ranking fuzzy numbers with correct ranking order such that the ranking result is consistent with human intuition. Same situation is faced by Cheng (1998) , Chen & Lu (2002) and Kumar et al. (2010) ranking methods where additional operations are needed when they want to appropriately rank the fuzzy numbers. Thus, in some cases, incorporation of additional operation is compulsary when correct ordering for fuzzy numbers is targeted to achieve. Based on this verification, Algorithm 1 mentioned earlier is extended to Algorithm 2, whereby additional algorithms are included as a result of additional operation used to ranking fuzzy numbers. In this respect, Algorithm 2 is illustrated as follows.
Algorithm 2
1) Assign value towards each fuzzy numbers under consideration whereby this value is called initial assignment.
2) Make comparison based on assignment obtain which is defined as initial comparison.
3) Assign value towards each fuzzy numbers under consideration for second time whereby this value is called secondary assignment. 4) Make comparison based on secondary assignment obtain which is defined as secondary comparison.
It has to be noted that steps 1 and 2 of Algorithm 1 are changed to initial assignment and initial comparison in Algorithm 2 respectively since it involves additional assignment and comparison which are in steps 3 and 4 respectively. Therefore, regardless a method uses direct ranking or pairwise ranking, incorporation of additional operation leads to utilisation of secondary assignment and secondary comparison in ranking fuzzy numbers algorithm. Table 5 presents comparison between direct ranking, direct ranking with additional operation, pairwise ranking and pairwise ranking with additional operation. Based on discussion made above, evaluation of efficiency in terms of ranking algorithm is classified into four namely very efficient, slightly efficient, slightly inefficient and very inefficient. All of these classes are determined through examining capability of a method in ranking more than two fuzzy numbers simultaneously. Based on Table  6 and Table 7 , Table 8 and Figure 13 are constructed. Table 9 presents efficiency evaluations comparisons on ranking fuzzy numbers among established ranking methods. '1' denotes that the ranking method is developed for ranking type -1 fuzzy numbers '2' denotes that the ranking method is developed for ranking type -2 fuzzy numbers 'Z' denotes that the ranking method is developed for ranking Znumber.
It is clearly indicated in Table 9 and Figure 13 numbers using direct ranking are represented by linear function while others remaining ranking methods which rank fuzzy numbers using pairwise ranking are characterised by quadratic function. This implies that ranking methods that rank fuzzy numbers using direct ranking is more efficient than ranking methods using pairwise ranking as the latter produce a quadratic function. It is also signified in the analysis where ranking methods by 1 - Bakar Therefore, based on these descriptions, ranking methods use direct ranking without additional computation is classified as very efficient, ranking methods use direct ranking with additional operation is considered as slightly efficient, ranking methods use pairwise ranking without additional operation is classified as slightly inefficient and ranking methods use pairwise ranking with additional operation is considered as very inefficient.
Conclusion
This paper presents a detailed survey on validation techniques for ranking fuzzy numbers that are associated with properties of fuzzy quantities as well as consistency and efficiency of ranking operations. Although there is plenty of information available with regard to ranking type -1 and type -2 fuzzy numbers, there is still lack of information on ranking Znumbers. Therefore, for future research on ranking fuzzy numbers, further investigations for validation of Znumbers should be carried out. In conclusion, the validation techniques presented in this paper would be quite useful for evaluating the quality, consistency and efficiency of the ranking method used.
